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Abstract

The standard state-spaces of asymmetric information preclude non-trivial forms of unawareness
(Modica and Rustichini (Theory Decision 37 (1994) 107—124); Dekel, Lipman and Rustichini (Econo-
metrica 66 (1998) 159-173)). We introduce a generalized state-space model that allows for non-trivial
unawareness among several individuals, and which satisfies strong properties of knowledge as well
as all the desiderata on unawareness proposed this far in the literature.
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1. Introduction

It is hard to argue that decision makers are aware of all facts affecting the outcome
of their decisions. Thus unawareness is a rather natural state of mind and its role merits
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investigation, especially in interactive decision making. Yet modeling unawareness proves
to be a tricky task.

Geanakoplog6] suggested using non-partitional information structures to this effect.

In such a model one can have states in which an individual does not know an event and
is ignorant of her ignorance. However, Modica and Rustichini [13] and Dekel et al. [3]
show that unawareness operators satisfying certain fundamental properties allow only for a
trivial notion of unawareness in such structures. Namely, if an agent is unaware of anything,
then he is unaware of everything and knows nothing. More generally, they showed that no
standard information structure can capture adequately the notion of unawafeness.

Modica and Rustichini [14] suggest an enhanced structure in order to model unawareness
of an individual. It consists of an “objective” space, describing the world with the full
vocabulary, and a “subjective” space for the sub-vocabulary of which the agent is aware.
When an individual is unaware of an event, the states she considers as possible belong to a
subjective space in which this event cannot be described. Halpern [8] offers an alternative
formulation with one space but two different knowledge operators—implicit knowledge and
explicit knowledge. Halpern [8] proves that a particular kind of his awareness structures
is equivalent to the Modica—Rustichini structure as a semantics for a modal syntax that
includes both a knowledge and an awareness modality.

Both these approaches suffer from the following limitations. First, they involve an ex-
plicit use of the modal syntawithin the semantic structures. This limits the audience that
is capable of applying this machinery to specific problems. Just as the short paper by Au-
mann [2] introduced to economists the partitional state-spaces as a logic-free tool to model
knowledge, and was thus seminal to a large body of consecutive work in Economics, the
analogue of such a presentation is still lacking for unawareness. Second, only one-person
unawareness is treated explicitly both by Modica and Rustichini [14] and Halpern [8].

In an independent, parallel work, Li [11] presents a set-theoretic version of a variant of
the Modica and Rustichini [14] model, and extends it also to the multi-person case. That
extension involves an explicit specification of each player’s state of mind about others’ state
of mind, about their state of mind about others, and so forth.

This complication exemplifies that unlike in the case of knowledge, in which the passage
from the single-person case to the multi-person case involves no substantial problems, the
modeling of multi-person unawareness is more intricate. An individuahy be unaware
of some issue, and may further be uncertain whether another individeaware of yet
another issue (out of those issues of whiéghaware). Furthermore, this uncertainty need
not be correlated with the quality 66 information about the issues of which she is aware.

To model this appropriately, one needs an expbeitered structure of spacewhere the
possibility set of an individual in a state of one space may reside in another space, while
the possibility set of a different individual in one of these possible states may reside in yet
another space.

3 Ewerhart[4] suggests a way to model unawareness in a standard information structure. However, in his
modeling if an individual is unaware of an event then she believes its negation. While this property may be suitable
for some aspect or view of unawareness, it is incompatible with all the other formal approaches cited here, as well
as with the approach of the current contribution.
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To wit, we consider a complete lattice of state-spaces accompanied by suitable projections
among them. The partial order of spaces indicates the strength of their expressive power.
The possibility set of an individual in a state of one space may reside in a less-expressive
space. A crucial feature of the model is that it limits the subsets (of the union of all spaces)
which are considered as events—those that can be “known” or be the object of awareness.
The special structure of events is natural, in the sense that it is the same as that of subsets
of states in which a particular proposition obtains—if states were to consist of maximally
consistent sets of propositions in an appropriate logical formuldtiemparticular, in our
setting the negation of an event is different from its set-theoretic complement. As a result,
there are states that belong neither to an event nor to its negation. When the possibility set
of an individual consists of such states, the individual is unaware of the event.

While our model of unawareness s presented in the following section, we apply interactive
unawareness to an example of speculative trade in Section 3. The so-called “No-Trade-
Theorems” (e.g., Milgrom and Stokey [12]) show that when individuals know what they
know and they are never certain of false statements, common knowledge of rationality
precludes speculative trade. This is to be contrasted with, e.g. the huge volume of daily
trade in currency exchange, most of which is purely speculative. We show in a simple
example that when combined with unawareness, these strong properties of knowledge and
rationalityare compatible with speculative trade. We conclude in Section 4. All proofs are
presented in the appendix.

2. Model

S = {S.}4ca is @ complete lattice of disjoint spaces, witha partial order o5, Denote
by X = (J,c4 S« the union of these spaces.

For everyS ands$’ such thats” > S (“S’ is more expressive thaf+—states ofS” describe
situations with a richer vocabulary than statesSdf, ° there is a surjective projection
rs1§" — S, wherer$ is the identity. £ () is the restriction of the description to
the more limited vocabulary of.) Note that the cardinality of is smaller than or equal
to the cardinality ofS’. We require the projections to commute:3f > § > S then
ry =ry ory . Ifwe §, denotews = r§ (w). If B C §', denoteBs = {ws : » € B}.

Denote byg(S) = {S/: N S} the set of spaces that are at least as expressiyeray

B C S, denote byB" = Usreg(s) (rg) ' (B) all the “extensions of descriptions & to
at least as expressive vocabularies.”

A subsetE of X is aneventif it is of the form BT for someB < §, whereS € S. In such
a case we calB the basisof the eventE, andS the base-spacef E, denoted byS(E).
Hence not every subset &fis an event.

If BT is an event wher@ C S, the negation~B" of B' is defined by(S \ B)!. This is
typically a proper subset of the complemént B'.

4We show this formally in a companion work (in preparation).

5Here and in what follows, phrases within quotation marks hint at intended interpretations, but we emphasize
that these interpretations are not part of the definition of the set-theoretic structure.
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Intuitively, there may be states in which the description of an efestboth expressible
and valid—these are the stateshn there may be states in which this description is ex-
pressible but invalid—these are the states i, and there may be states in which neither
this description nor its negation are expressible—these are the st@lés(ifi U —E) =
>\ S (E)'. Thus our structure is not a standard state-space model in the sense of Dekel et
al. [3], since their “real states” assumption precludes such events.

If B # pandB # SforsomesS € S,then——B' = B, butotherwise itis not necessarily
the case. To circumvent this, for each sp&ce S we devise a distinct vacuous evett,
and define-S1 = ¢ and—@® = s*. Infact, our notation of an evektis just the shorthand
for (E, S), whereSis the base-space. No confusion arises i§ nonempty, otherwise we
write @3 for (4, S). The even®® should be interpreted as a “logical contradiction phrased
with the expressive power available i It follows from these definitions that for events
E andF, E C F is equivalentto~F C —F only whenE and F have the same base, i.e.
S(E) = S(F).

If {Bz ]AGL is a set of events (witlB, < S,, for 4 € L), their conjunction/\,_; B,

is just the intersectiofi); ., Bz (we will therefore use the conjunction symbeland
the intersection symbah interchangeably). I8 = sup,¢; S, then® this conjunction is

(Muer () "))

The disjunction of[ B}}/1 ; is defined by the de Morgan lay , Bg == (NjeL ™
: €

(B)T)) Typically \/ ¢, BI; Ujer Bg, and\/,¢; B! = UL B)T holds if and only

if all the BI have the same base-space. Intuitively, if two events are described in dis-
tinct vocabularies, the disjunction of the events is expressible only in a vocabulary which
is at least as rich as both vocabularies, but not necessarily in either vocabulary
alone.

Example 1. Let ® be a set of facts. Far C @, let S, = {w : w = {true, false}*}. l.e.,

a state inS,, is a string indicating which facts in are true and which are fals§, < S,
whenever: C . Consider for instance a set of three fabts- {p, ¢, r}. For example, we

write w = (p, —q) for a state inS, 4 in which the factp is true andy is false. Clearly, we
haveg(Sp) = S, g(Sip.q.r) = {Sip.q,r1} and €.9¢(Sy) = Sy, Stp.rys Sig.r)s Stp.q.ri-

Fig. 1 illustrates the state-spaces with the states. The projections are indicated by arrows (for
clarity we do not consider in this figure any compositions of projections and the identity
maps). Consider now the event that facts true {r is trug”. The base-space i§,

the basis of this event igr)} C Sj. Considering all extensions ¢fr)} we obtain the

event

([N ={(), (p, 1), (=p, 1), (q,7), (=q, 1), (P, q. 1), (P, =q,T), (=P, q,T),
(—p,—q,r)} = [ristrud.

6 Sinces is acompletdattice, Supey S exists.
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Sip} Sq Sir}

Fig. 1. State-spaces, projections, and event structure in Example 1.

This is the set of states in which facbbtains. In Figl the evenfr is trug is indicated by
the union of the dotted rectangles. The event thatfalse[r is falsq is the negation

—[r is trug = (S \ ("))
={(=r), (p,—r), (=p,—r), (g, —r), (=g, —r), (p,q, ),
(p,—q,—r), (=p,q,—r), (=p,—q, ~r)}
In Fig. 1 it is indicated by the union of the grey rectangles. It becomes obvious that

[ristrug U —[ris trud;Z. l.e., there are states such @ which belong neither to
[r is trug nor —[r is trug.
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I is the set of individuals. For each individuak I there is a possibility correspondence
I, : £ — 2%\ ¢ with the following properties:

(0) Confinedness: Iy € S thenIT;(w) C S’ for someS’ < S.

(1) Generalized Reflexivityn € Hl.T (w) for everyw € .7

(2) Stationarityw’ € IT; (w) impliesIl; (o) = II; (w).

(3) Projections Preserve AwarenesslE ', o € I1; (w) andS < S’ thenws € I1; (ws).

(4) Projections Preserve Ignorancecife $’ andS < S’ thenHlT (w) C Hl.T (wg).

(5) Projections Preserve Knowledge:df< §' < 8", @ € §” andIl;(w) € S’ then®
(IL; (w)) s = I; (ws).

Confinedness means that the states an individual considers as possible in a given state
o are all “described with the same vocabulary—the vocabulary available to the individual
atw.”

Generalized Reflexivity and Stationarity are the analogues of the partitional properties
of the possibility correspondence in partitional information structures. In particular, Gen-
eralized Reflexivity will yield the truth property (that what an individual knows indeed
obtains—property (iii) in Proposition 2); Stationarity will guarantee the introspection prop-
erties (that an individual knows what she knows—property (iv) in Proposition 2, and that
an individual knows what she ignores provided she is aware of it—property (5) in Proposi-
tion 3).

Properties (3)—(5) guarantee the coherence of the knowledge and the awareness of in-
dividuals down the lattice structure. They compare the possibility sets of an individual in
a statew and its projectionwg (the restriction of the description to the more restricted
vocabulary available ir§). The properties guarantee that after this projection/restriction
the individual learns nothing she did not know before, does not forget anything she knew
(provided that it can be expressed with the restricted vocabulary availaS)e &md does
not become aware of new facts, or unaware of facts of which she was aware (here again,
provided that these facts can be expressed with the restricted vocabulary availgble in

Remark 1. Property 1 implies that i’ < §, w € S andIl;(w) € S, thenrg, (w) €
H,((D)

Remark 2. Property 4 and Confinedness imply thasif< S, w € S andIl;(wg) C S,
thenIT; (w) C S* for someS* with §” < S*.

Remark 3. Property 5 and Confinedness imply Property 3.
Definition 1. The knowledge operator of individuabn events is defined, as usual, by

Ki(E) :={weX:1I; (w) C E},

7 Here and in what follows, we abuse notation slightly and V\lﬂfb(w) for (IT; ((o))T.
8We could have assumeziand deduce= from D, (3), and the other properties.
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if there is a statey such thafll; (w) € E, and by
Ki(E) := #5®

otherwise.
Proposition 1. If E is an eventthenKk;(F) is an S(E)-based event

Proposition 2. The Knowledge operatdk; has the following properties

(i) Necessitationk;(X) = Z,

(ify Conjunction K; (e E1) = Njer Ki (E)),
(i) Truth: K;(E) C E,

(iv) Positive Introspectionk;(E) C K; K;(E),

(v) Monotonicity E C F impliesK;(E) C K;(F),
(Vi) =K;(E) N =K;=K;(E) € =K;—=K;—=K;(E).

Proposition 2 says that the knowledge operator has all the strong properties of knowledge
in partitional information structures, except for the weakening (vi) of the negative intro-
spection property. Negative introspection—the properky; (E) € K;—K;(E) that when
an individual does not know an event, she knows she does not know it—obtains only when
the individual is also aware of the event (see property 5 of the next proposition).

The “everybody knows” operator on events is defined by

K(E) = ﬂKi(E).
iel

The common knowledge operator on events is defined by
x -
C(E)= () K"(E).
n=1

The unawareness operator of individu&lom events to events is now definedby

Ui(E) = —~K;(E) N —~K;—K;(E)

and the awareness operator is then naturally defined by
Ai(E) = ~Ui(E).

By Proposition 1 and the definition of the negation, we have
Ai(E) = Ki(E) UK;(—K;(E)).

Proposition 3. The following properties of knowledge and awareness obtain

(1) KU Introspection K; U; (E) = 35,

9 This is the Modica—Rustichirfil4] definition. In particular, the Dekel-Lipman—Rustich[B] Plausibility
requirement; (E) € —K;(E) N —K;—K; (E) is satisfied by this definition.
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(2) AU IntrospectionU; (E) = U;U;(E),
(3) Weak Necessitation; (E) = K; (S (E)"),
(4) Strong Plausibility U; (E) = (22, (=K;)" (E),
(5) Weak Negative IntrospectionK;(E) N A;—K;(E) = K;—K;(E),
(6) SymmetryA;(—E) = A;(E),
(7) A-Conjunction ()., Ai (E;) = A; (ﬂﬂ,eL Ei)’
(8) AK-Self ReflectionA; K; (E) = A;(E),
(9) AA-Self ReflectionA; A; (E) = A;(E),
(10) A-Introspection K; A;(E) = A;(E).

Properties (1)—(4) have been proposed by Dekel ¢BRlproperties (6)—(9) by Modica
and Rustichini [14], and properties (5)—(9) by Halpern [8]Introspection is the property
that an individual is aware of an event if and only if she knows she is aware of it.

Remark 4. Note that by Proposition 1 and Weak Necessitatidp ;(E) = A;(E). In
analogy with the “everybody knows” and the “common knowledge” operators we can
define “everybody is aware” and “common awareness” operators. Note that by Proposition
1 and Weak Necessitation, when everybody is aware of an é&émtn everybody is also
aware that everybody is aware Bf It then follows that the events “everybody is aware of

E” and “common awareness of E” coincide.

Remark 5. Our unawareness operator is defined on events. However, this does not mean
that we model unawareness of events only. Let an issue or question (e.g. Is it raining?) be
such that it can be answered with a fact (It is raining.) or with the negation of the fact (It is
not raining.). By symmetry, an individual is aware of an event if and only if she is aware of

its negation. Thus, we model the awareness of questions and issues rather than just single
events. Indeed, by weak necessitation, an individual is aware of an event if and only if she
is aware of any event that can be expressed in the space with the same expressive power.

Example 2. Consider a language with two basic propositipng and one individual with

a knowledge modality. Consider further the structure with four spaces- {S(, 4}, S(p),

Siq)> Sy} as indicated in Fig2 by rectangles. To describe in a compact fashion the informa-
tion of the individual in each state, we use the “knowing wheth&rhodality j defined

by jx = kx v k—x. For a proposition, the propositionjx means “the individual knows
whetherx or —x obtain.” The unawareness modalitys defined byux = —kx A —k—kx.

For simplicity, each state is described by the basic propositions that hold in this state as
well as by the propositions describing the information of the individual at that state. Thus
we present in Fig. 2 each state-space in a matrix-style. For example, thg tate, p, q)

means thap andg obtain, and that the individual knows whetheand knows whether

g. This of course implies that the individual knowsandg as reflected by the singleton
possibility set. For each state the possibility sefl (w) of the individual is indicated by
circles or ovals, some connected by lines. Other lines relate non-reflexive states (i.e., states
w such thatw ¢ IT (w)) to their possibility sets.

10see Hart et al[9].
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Fig. 2. One-person awareness in Example 2.

Sp

For a propositiont we denote by[x] the set of states in whichk obtains. Using the
possibility correspondendé in Fig. 2 and the knowledge operat&rfrom definition 1, we
can build events such @§[x], =K [x], K—=K[x], - K—=K[x] andU[x].

Negative introspection fails for non-reflexive states. To see this consider the[pyent
i.e., all states in whictp obtains. It is easy to see thaip, jq, p,q) € —=K[p]. Since



10 A. Heifetz et al. / Journal of Economic Theany (1n11) iIni—iii

(up jg,p,q) ¢ K—K][p], negative introspection fails. Moreover, aIsKo(S{Tp q}) =

, fails since for instanceup, jq, p.q) € S{p g PUtp.jq.p.q) ¢ K (STP ) )

However all the properties of Propositions 2 and 3 hold.

The example can also serve to highlight the difference between this model and the Gen-
eralized Standard Model (GSM) of Modica and Rusticlpidi] (which Halpern [8] proves
to be isomorphic to a particular kind of the Awareness Structures of Fagin and Halpern [5]).
In the GSM corresponding to this example, only the projections from the upper-most space
S(p.q) to the other spaces ), Si4}, Sy would be defined, but not the projections among the
lower spaces. More importantly, the states in the last rov§,gfandsS, (the two states in
the rowup of S,) and the two states in the rawy of S,;) do not exist in the correspond-
ing GSM.Indeed, these states do not belong to any possibility set of the individual in the
states of the spac®, 4, of full descriptions of states of the world, and are hence redundant
when the discussion is restricted to a single individual. However, it is exactly this kind of
extra states that are needed in order to caphiezactive unawarenessg.g. a situation in
which one individual believes that another individual is unaware of something of which
she herselis aware. This will become apparent in the following example, which explicitly
features several individuals.

3. Example: speculative trade

Consider an owner of a firm and a potential buyér. To make this example interesting,
we assume that the agents’ awareness differs. That is, we assume that there is a state such
that the possibility sets of the agents reside in different spaces at that state. For instance,
the owner is aware that there might be a law§iitnvolving the firm but he is unaware of
a potential innovation or novelty:] enhancing the value of the firm. In contrast, the buyer
is aware that there might be an innovation but unaware of the lawsuit.

Similarly to Example 2, Fig. 3 presents the information structure graphically. The state
spacesS = {Sy.i1, Siny. Syy. Sy} are indicated by dotted rectangles. For instance, in space
Sty the event innovatiofiz] can be expressed but not the event lawgilitAs in Example
2, we use for convenience the “knowing whether” operagprand j, being the operator
for the buyer and the owner, respectively. Then the ovals with horizontal lines indicate the
possibility sets of the buyer, whereas the ones with vertical lines are those of the owner. A
solid line connects a buyer’s non-reflexive state to its possibility set, whereas a dotted line
corresponds to the owner.

Consider for example the state= (—jiyn, uon, upl, —j,l, n, ). At this state the buyer’s
possibility set resides ifi;,;;, whereas the owner’s one is§y;. Hence the buyer is unaware
of a lawsuit,w € Up[l], and the owner of an innovatiom, € U,[n]. The possibility sets
are such thaty € —=K,[n] butw € Ap[n] and similarlyw € =K, [I1N A,[1].

Let the status quo value of the firm be 100 Taler. |.e., at the @athe value of the firm
is 100 Taler. Suppose further, that if an innovation obtains, it raises the value of the firm by
10 Taler, whereas the implications of a lawsuit reduce the value by 10 Taler. Sindbet
buyer is aware of the eveirtnovation[n] but unaware of the evetawsuit [/], the value
of the firm to her is either 110 Taler in the evdni or 100 Taler if—=[xn] obtains. At the



A. Heifetz et al. / Journal of Economic Thedny (111K) 111111 11

n, | n, =l =n, | -n, =l
S, 1}

=i, Yoh, Y, =igl \ :
‘\\ ‘\ |

\\ s \ I

\ !

S N \ !

\
\

-

S(n}

]
|
]
|
]
:
\ |
I
‘ :
AN L

S{|} Wy
o

N !
DY

=i, Y = == upl, =igl

D@

Fig. 3. Information structure in the example of speculative trade.

Sp

same state, the owner values the firm at either 90 Taler in the Byentat 100 Taler if-[/]
obtains.

We assume that agents are both rational in the sense of maximizing their respective
payoffs, and that both agents know that. |.e., we introduce the mild assumption that if at all
states an agent considers as possible the price is atvleastl in some of these states the
price is strictly higher tham, then the agent strictly prefers to buy at the pricéan not
buying atx. Similarly, if at all states the agent considers as possible the price is atrmost
and in some of these states the price is strictly lower thahen the agent strictly prefers
to sell at the pricer than not selling at. If, on the other hand, the price is exactlyn all
the states that the agent considers as possible, then the agent is indifferent between trading
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or not at the pricer. We will say that an agent is willing to trade atf either she strictly
prefers to trade at or she is indifferent between trading or notvat

Suppose now that the buyer offers to buy the firm from the owner for an amount of 100
Taler. Clearly, the buyer is willing to do that because she values the firm at 110 Tdlar (if
obtains) or 100 Taler (if~[n] obtains). Thus, she strictly prefers to buy at 100 Taler. The
buyer also can expect that the owner is going to sell to her, since she believes the owner is
unaware of an innovation that could enhance the value of the firm. In particular, she believes
that the owner’s possibility set &t j,n, u,n, n) or (—jyn, u,n, —n) resides in the space
Sy, the owner’s valuation of the firm at sta@) being 100 Taler. Moreover, the owner
accepts the buyer’s offer, since the former values the firm at 90 Talé} @btains) or 100
Taler (if —[/] obtains). He strictly prefers to sell at 100 Taler. To the owner, the buyer’s
offer is rational, since the owner believes that the buyer’s possibility $ejat—j,/, [) or
(upl, —j,l, 1) is in the spacey, the buyer’s valuation of the firm at stat@) being 100
Taler. Soin this example, the agents trade, each expecting to make a strict positive gain and
compensating the other with the status quo value.

Formally, in all states of the upper-most spégg;; both agents strictly prefer to trade
at the price 100. Moreover, in all states of all spaces both agents are willing to trade at the
price 100, and hence this fact is common knowledge among them. Thus, in all the states
of Sy,.1y there is both strict preference for trade and common knowledge of willingness to
trade.

Such a state of affairs impossible to model in standard information structureshich
the knowledge operatois; satisfy properties (i)—(v) of Proposition 2 (i.e., all the prop-
erties of a partitional information structure except, possibly, for the negative introspection
property—K; (E) C K;—K; (E)). Indeed, in a standard information struct@evith pos-

sibility correspondenceél‘l,» (0 220\ V))‘ X for the agents, there would be common
i=1,

knowledge at a stai® € Q that both agents are willing to trade at the pricéand only if

there would be a self-evident eveitc Q (i.e., satisfyindll; (') < E for eachw’ € E,

i =1 2)withIl; (w) € E fori = 1, 2, such that both agents are willing to trade:am all

the states of:. The truth propertyK; (E) C E is equivalent to the property’ € I1; (w’)

(reflexivity). This property would imply that the value in every € E is at leastr (since

the buyer is willing to buy at in «’ € E, andw’ is one of the states the buyer considers as

possible atn’), and similarly the value in all the states Bfis at mostx, since the seller is

willing to sell atx. It follows that the value would be exactlyin all the states)’ € E. But

then, sincdl; (w) C E, it would not be the case that ateach of the agents alstrictly

prefersto trade atr.

What would happen if we were to “flatten” the model, and consider the union of all
states in all spaces of our unawareness m@da$ one state-space, while retaining the
possibility correspondences? We would then get a standard non-partitional information
model, in which reflexivity ¢ € IT; (w)) and hence the truth propertK((E) < F) fail.

This may be interpreted as delusion on the part of the individuals—at some states they
consider an entirely different set of states as possible.

Onone hand, itis known that speculative trade is possible in such a model (Geanakoplos
[6]). However, it is also clear that the Dekel et al. [3] critique would apply to the resulting
model—it would only allow for a trivial notion of unawareness.
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Our event structure rules out delusions—for every everind every state» € E, an
individual does not “know” (believe, respectively) the negatiah, sincell,; (w)Z—E. The
individual's frame of mind atv is still consistent withw in the sense that she can not believe
in facts that do not obtain ai, but she may perceive less facts than actually obtain &ur
unawareness structure is thus useful when we want to modelarenesas the driving
force for an economic phenomenon, rather thastakesn information processing.

4. Conclusion

Scientists were unaware of gravity until Newton conceived it. Mathematicians are now
unaware of tomorrow’s proof-techniques for today’s long-standing conjectures. Some in-
vestors are unaware of financial market regularities that other investors exploit. In the large
spectrum of such examples, unawareness is conceptually distinct from ignorance, incom-
plete information or faulty analysis: It has to do with the lack of conception, not the lack of
knowledge.

To emphasize this distinction, we presented a tractable model of interactive unawareness,
in which individuals are nevertheless introspective and non-deluded. Dekd3mbved
that no standard information space can truly capture the notion of unawareness. Accordingly,
our model features an ordered set of spaces, with appropriate projections and inter-relations.

We interpret the order relatior<” among spaces as ordering the expressive power or the
richness of vocabulary with which states or situations are described. In a companion work we
develop this idea formally. Starting with a multi-person epistemic logic with unawareness
and a suitable axiom system, we show that the canonical structure built of the maximally
consistent sets of propositions in this system (for sub-languages corresponding to subsets of
atomic propositions) is indeed an awareness structure as in Section 2, each of whose states
is a model for the propositions of which it consists.

Alternative (though less formal) interpretations of the order relatigh rhay depend
on the motivation and reasons for unawareness. An individual may be unaware because
of bounded perception or some form of resource boundedness. For instance, perception is
studied (though less formally) in cognitive psychology. This literature suggests that per-
ception is guided by mental models or categorization. A mental model is an individual
representation of the world (Johnson-Laird [10]). Mental models may differ in terms of
comprehensiveness, motivating an order relation of expressive power. Categorization is
suggested to guide a human’s perception by filtering observations (Goldstone and Kersten
[7]). Resource boundedness as source for incomplete knowledge of the relevant aspects of
an individual's environment was suggested by Simon [15].

Reasoning takes time and effort, and it is computationally hard to find the best description.
Thus if computational resources run out, individuals may arrive at different descriptions of
the world, and in this sense may be unaware of the descriptions other people use. Such an
argument is developed formally in Aragones et al. [1].

We hope that our model will be helpful for developing applications of unawareness and
bounded perception. Conceivable applications include the implications of unawareness to
agreement, Dutch books, consumption behavior, emergence of novelty, insurance, incon-
ceivable contingencies in (incomplete) contracting etc. This shall be left to future research.
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Appendix A.
A.1. Proof of Proposition 1

K;(E) is an event if there exists a spage S with a subseB C S s.t. BT = K;(E).
Assume thak; (E) is non-empty. Choose € K;(E). We havew € K;(E) iff I1;(w) C
E. By Generalized Reflexivity, it follows thab € E. SinceE is an event, there exists a
unique base-spaE). It follows thatwg gy € E. Note that by Confinedness,; (w) € S,
for someS > S(E). Thus(I1;(w))s(k) is defined. Moreoverll; (w))siey € E N S(E).

By Projections Preserve Knowledge, we h&Veosg)) € E.

DefineB = |J{I1;(w) : [1;(w) € E N S(E)}. We first show thaB = K;(E) N S(E).
Note, that by the definition aB and by Stationarity, we have C K;(E) N S(E). We also
haveB D K;(E)NS(E).Indeed, ifo € K;(E)NS(E), then by Confinedneds; (w) C §
for someS > S(E), and by Generalized Reflexivity(E) > S, implying together that
I1; (w) € S(E). Therefore, by Generalized Reflexivity, € I1; (w). Sincew € K;(E),
that isIl; (w) C E, and sincdl; (w) € S(E), we havew € I1;(w) € EN S (E), thatis
w € B.

We now have to show tha@' = K; (E). Letw € BT, thatisw € S for someS > S(E)
andwg(g) € B. By the definition ofB, wsg) € II; (') for somew’ such thafll; (') <
E N S(E). By Stationarity we therefore ha'é; (wsg)) = IT; (') € B. By Remark 2, it
follows thatIl; (w) < ', for someS’ > S(E). Therefore(I1; (w))sk) is defined, and by
Projections Preserve Knowledge, we h&lk (w))sk) = I1;(wsg)) € E. SinceE is an
event, it follows thatIl; (w)) € E and hencev € K;(E).

In the reverse direction, let € K;(E), that isII;(w) C E. By Confinedness, we have
IT; (w) C S, for someS > S(E), and by Generalized Reflexivity € S’ for someS’ > S.
Hence(Il; (w))s(k) is defined. Since is a S(E)-based event, we havél; (w))s) S
E N S(E). By Projections Preserve Knowledge, we hd¥gws ) = (I1;(0)sE) S
E N S(E), and therefordl; (wsr)) € B. By Generalized Reflexivity and the fact that
wsg) € S(E), we havewsg) € I1;(wsg)) € B and henceo € B'.

Finally, if K;(E) is empty, then by the definition of thE;-operator, we havé&; (E) =
pSE).

A.2. Proof of Proposition 2

() K;(X) = Z follows directly from the definition okK;.
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(i) We havew € K; (e, E)) iff IIi(w) € (e, E; iff Hi(w) € E;, forall A € L iff
o e K;(E), forall L e Liff oe (o, Ki(E)).

(i) Let w € K;(E), thatisIl;(w) C E. SinceE is an eventH,.T (w) C E. By Generalized
Reflexivity, » € H?(w). Hencew € E. In the case oK;(E) = #5F), we trivially
havek;(E) C E.

(iv) LetII;(w) € E andw’ € I1; (w). We have to show that’ € K;(E), thatisIl; (o) C
E. Butby Stationarity we havB; (o) = I1; (w) € E. Sowe have shownthat (E) C
K;K;(E)incasek;(E) is notempty. If; (E) = ¢#5F) thenk,(E) € K;K;(E) since
by Proposition 1K; K; (E) is S (E)-based.

(v) Monotonicity follows directly from the definition oK.

(vi) By the definition of the Unawareness operator and Strong Plausibility in Proposition 3,
we have-K;(E) N —K;=K;(E) = U;(E) = [,21 (—K))" (E) € —~K;—K;—K; (E).
(Note that propertyvi) of Proposition 2 will neither be used in the proof of Lemma 1, nor

in the proof of Proposition 3.)

A.3. Proof of Proposition 3

Lemma 1. Let E and F be events with the same base-spéc€hen

Ki(FV K;(E)) = Ki(FUK;(E)) = K;(F) U K;(E).

Proof. By Proposition 2, we hav&; (K;(E)) = K;(E). Since, by Proposition 1 all the
events in the lemma ar®based, is equal toJ, the set-theoretic union.

By the monotonicity of th&; -operator, we havg; (FUK; (E)) 2 K; (F)UK;(K;(E)) =
Ki(F)U K;i(E).

Conversely, letv € K;(F U K;(E)).

Casel: Letw' € IT;(w) N K; (E). Sincew’ € K;(E) it follows thatIl; (w’) € E. But
by Stationarity, we havél; (w) = I1; (@’) and hence» € K; (E).

Case2: Il;(w) and K;(E) are disjoint. Sincan € K;(F U K;(E)), we must have
I1; (w) € F and hencev € K; (F).

Thus we have shown that; (F U K;(E)) C K;(F)UK;(E). O

Proof of Proposition 3. For convenience, the proof of the properties follows a different
order than in the statement of the proposition.

(1) KiUi(E) = Ki(=K;(E) N =K;=K;(E)) = K,—=K;(E) N K;=K;=K;(E) <
K;—K;(E)N=K;—K;(E) = ¢#5E),

(3) Ai(E) = Ki(E) U K;—K;(E) = Ki(K;(E)) U K;(=K;(E)) = K;(S(E)"), where
the last equality follows from Lemma 1 above.

(2) U;(E) = U;U;(E) is equivalent toA;U; (E) = A,(E). A;U;(E) = K;U;(E) U
K;—K;U;(E). By KU-Introspection and Weak Necessitation, the last term is equal to
PSE) U K; (-5 E)Y = K; (S(E)") = A; (E). ThusU; (E) = U; U; (E).

(6) SinceS(E) = S(—E), we have by Weak Necessitation thgt{(—F) = A; (E).

(5) By Symmetry and the properties of the knowledge operai&if(E) N A;—K;(E) =
=Ki(E)NA;K;(E) = =K (E)N(K; K;(E)UK;—K;K;(E)) = (—=K; (E)NK; K; (E))
U (=Ki(E) N K;i—KiKi(E)) < (—Ki(E) N Ki(E)) U (—=K;(E) N K;—K;(E)) =
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pSE) U (=K;(E) N K;—=K;(E)) € K;—K;(E). The reverse direction follows by
Truth and the definition of awareness.

(4) By the definition ofU; we have(,2,(=K;)"(E) € —K;(E) N —=K;—K;(E) =
U; (E). It therefore remains to prove the reverse inclugiot) < (M2, (—K;)"(E),
which, since the left-hand side and the right-hand side of the inclusion aré lpath
based events, is equivalentyg> ; K; (—K;)""1(E)) = U2, Ki (=K)""H(E))
A;(E) (Since, again, all the involved events &l )-based, the disjunction and union
operators coincide.)

The proof proceeds by induction.At1, thenk; (—K;)Y "1 (E))=K;(E)CA; (E).

If n = 2, thenk;((—K;)2 Y(E)) = K;—K;(E) C A;(E).

For the induction step, we show that K;((—K;)""1(E)) C A;(E), then
Ki(mK)"tY(E)) € A;(E). SetF = (=K;)""1(E). By Weak Negative Intro-
spection, and the fact that all the events occurring hereSéf-based, we have
(=K)?(F) C K;(F)UU;—K,;(F).ByMonotonicity of thek;-operator, and Lemnts,
itfollowsthatK,-[(—'Ki)Z(F)] C Ki[K;(F)UU;—=K;(F)] = K;(F)UK,;U;(—K;(E)).
Applying KU-Introspection, we obtaif; (F) U K; U; (=K, (E)) = K; (F) U@5E) =
K;(F). By the induction hypothesi%; (F) C A;(E).

(7) By Weak Necessitation, Proposition 2, and the fact thgt., (S(E)") =

S (mxleL (E/l))T*We hav@/leL Ai (E)) = m).eL K; (S(EE)T) =K; (m).eL S(E/l)T)
=K; (S(ﬂieL Ei)T) = A (mﬂ.eL El)'

(8) A;K;(E) = K;K;(E) U K;,—K;K;(E). By Positive Introspection last term equals
K;K;(E) U K;—=K;(E). Applying again Positive Introspection yields
Ki(E)UK;=K;(E) = Ai(E).

(9) By Weak Necessitatiom; (E) = K;(S(E)") = A, (F), for any event with S(F) =
S(E). SetF = A;(E). HenceA; (E) = A; A; (E).

(10) By Weak Necessitation, we hade(E) = K; (S(E)1). By (iii ) and(iv) in Proposition
2, we havek; (S(E)") = K;K;(S(E)"), and hence; (E) = K; A; (E) obtains.
O
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