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Abstract
This paper considers a manipulative auction design framework in which the
designer in addition to choosing the auction format(s) is free to choose how much
information feedback about the distribution of bids previously observed in similar
auctions to report to bidders. A feedback equilibrium is proposed to model the
long run interactions of bidders in such environments with partial feedback. In oneobject private values auctions with independent distributions of types across bidders,
it is shown that a suitable choice of manipulative auction design always allows the
seller to extract more revenues than in the classic optimal nonmanipulative auction
(Myerson, 1981). It is also shown how the …rst-price auction in which bidders get
only to know the aggregate distribution of bids (across all bidders) generates more
revenues than the second-price auction while achieving an e¢ cient outcome in the
asymmetric two-bidder case.
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Introduction

Standard equilibrium approaches of games with incomplete information (à la Harsanyi)
assume that players know the distributions of signals held by other players as well as these
players’strategies as a function of their signals (see Harsanyi (1995)). Yet, this requires
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a lot of knowledge that need not be easily accessible to players. Modern approaches to
equilibrium rely on learning to justify this knowledge (see Fudenberg and Levine (1998)).
But, a question arises as to whether enough information feedback is available to players
at the learning stage for convergence to equilibrium to be reasonably expected.
For example, consider a series of …rst-price auctions in an asymmetric private values
setting involving each time two new bidders of observable characteristics i = 1; 2. That is,
each bidder when choosing his bid knows his valuation but not that of the other bidder,
and the distributions of valuations which are a priori unknown to the bidders are assumed
to depend on the characteristic i.1 Assume further that along the process, bidders are only
informed of the aggregate distribution of bids in past auctions without being informed of
the characteristics of the bidders of the corresponding bids.2 It seems then dubious that
bidders will be able to play a best-response to the actual distribution of bids of the other
bidder, even in the long run because there is no way a bidder can assess the distribution of
bids conditional on the characteristic based on the feedback he receives.3 Instead, bidders
i = 1; 2 are more likely to play a best-response to the aggregate distribution of bids that
mix the distribution of bids of all bidders whether of characteristic i = 1; 2.
In this paper, we consider one-object private values auction environments in which the
valuations are independently distributed across bidders. We …rst propose an equilibrium
concept to describe the long run interaction of bidders in situations in which (at the
learning stage) bidders receive coarse feedback about the distribution of previous bids, and
every single bidder participates in just one auction. This allows us to consider situations
in which as described above only the aggregate distribution of bids with no reference
to the characteristics of bidders is observed at the learning stage, and also situations
in which di¤erent auction formats are being used and only the aggregate distribution
of bids across the various auction formats is being revealed at the learning stage. The
equilibrium obtained (which stands for the limiting outcome of the corresponding learning
process) is called a feedback equilibrium (it is parameterized by the form of the feedback
described as a partition of the set of pro…le of format and bidders’characteristics received
1

The asymmetry should be interpreted to mean that the observable characteristic i is informative of
the distribution from which the valuation is drawn.
2
This looks like the norm rather than the exception in many auction setups.
3
In the language of econometrics, the model is not identi…able.
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by the players at the learning stage, see Section 2), and it requires that bidders play a
best-response to the aggregate distribution of bids, as given by their feedback.
The feedback equilibrium is closely related to the analogy-based expectation equilibrium (ABEE) introduced in Jehiel (2005) and further developed in Jehiel and Koessler
(2007) and Ettinger and Jehiel (2007).4 We note that the experiment reported in Huck
et al. (2007) gives support to the ABEE as a good description of long run behaviors
in situations in which past behaviors are not cleanly separated between games. In that
experiment, players repeatedly played one of two games with very di¤erent best-response
structures - this is the analog of bidders being involved in di¤erent auction formats in
our setting. In one treatment, these players received only feedback about the aggregate
distribution of actions of the subjects assigned to the role of their opponent over the two
games in the last …ve rounds.5 Convergence to the corresponding ABEE (which di¤ered
from Nash equilibrium) was mostly observed in this case, thereby suggesting that subjects
did best-respond to the aggregate distribution of actions over the two games despite the
fact that the games under study had very di¤erent best-response structures.
The novel perspective adopted in this paper as compared with the analogy-based
expectation equilibrium is that the feedback given to bidders is viewed as a design issue.
If the same seller repeatedly sells similar objects to bidders with similar characteristics,
this seller is not only free to choose the auction format she likes best, but she should also
be able to choose the form of feedback she wishes to provide to bidders. We impose the
mild constraint that the feedback should be correct (even if coarse) and that some outside
authority can control and enforce it.6 Other than that, the designer is free to choose the
feedback (partition) she likes best.
The main question we ask is as follows. Can the designer generate more revenues than
in the optimal auction in which bidders are assumed to play a Nash Bayes equilibrium?
We show that this is always so no matter what the distributions of valuations are. That is,
4
It can also be viewed as a selection of self-con…rming equilibrium (the conjecture adopted by the
players is the simplest theory consistent with their feedback).
5
They did not learn about their performance until the end of the experiment, which should be related
to our implicit assumption that individual bidders participate in just one auction.
6
If the feedback were not constrained to be correct, it sounds dubious that bidders would pay attention
to it. It may then be in the designer’s interest to have an outside authority that guarantees the correctness
of the feedback.
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by providing partial feedback about the distribution of bids and/or by proposing several
auction formats, the designer can always (i.e. whatever the distributions of valuations)
achieve an expected revenue that is strictly larger than the revenues generated in the
classic optimal auction (Myerson (1981) or Riley and Samuelson (1981)). Interpreting
the provision of partial feedback as design manipulation, our result shows that there is
always scope for design manipulation when the designer seeks to maximize revenues.7
We also address another question. Assume the primary goal of the designer is welfare
maximization whereas the auxiliary goal is revenue. In the classic setup, the so called
revenue equivalence theorem asserts that the designer can do not better than using a
second-price auction (the second-price auction induces an e¢ cient outcome and any ef…cient mechanism that respects the participation constraints of bidders must achieve a
revenue no greater than that of the second-price auction). In our manipulative auction
design setup, we show that the designer can sometimes do better. Speci…cally, in the case
of two bidders with asymmetric distributions of valuations, we show that the …rst-price
auction in which the designer provides as feedback the aggregate distribution of bids with
no reference to the identity of the bidders always induces an e¢ cient outcome and always
generates an expected revenue that is strictly larger than that of the second-price auction
no matter what the distributions of valuations are. Our clear-cut revenue comparison
should be contrasted with the ambiguous revenue ranking between the …rst-price auction
and the second-price auction obtained in the standard rationality case (see Maskin and
Riley (2000)).8 The result also illustrates that the so called revenue equivalence result
does not hold in our setup with manipulative auction design. Two mechanisms that result
in the same allocation rule (in equilibrium) and that give the same zero expected utility
7
It may be mentioned here that the designer need not know the distribution of valuations of the
bidders to start with. Her maximization exercise may be viewed as the outcome of a trial and error
process where the designer would be assumed to keep track of the past performance of her previously
tried auction designs. It may also be mentioned that unlike the bidders, the designer has access to the
entire distribution of bids and as such can much more easily have access to the distribution of valuations.
For example, by using second-price auctions and observing the distribution of bids according to the
characteristic of the bidder, the designer could in a …rst stage learn these distributions. Based, on this
knowledge, she could then use the feedback she likes best, as analyzed in this paper.
8
Hafalir and Krishna (2007) also obtain a clear-cut revenue comparison for the two bidder case in the
standard rationality paradigm when a resale market operates after the …rst-price auction. Observe that
in our coarse feedback treatment, the outcome of the …rst-price auction is e¢ cient and there is no scope
for resale.
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to the bidders with lowest valuations need not result in the same expected revenue.
While considering the information feedback as a design issue is new (see however
Esponda (2007) which is discussed in Section 3), the empirical literature on auctions
has been concerned with the related issue of when the available information on bids
and valuations allows the researcher to identify the model assuming bidders play a Nash
equilibrium of the corresponding auction model (see Athey and Haile (2006)). Somehow
the approach developed here assumes that bidders themselves need not have a complete
understanding of the game they play, and as a result bidders play a feedback equilibrium
as opposed to a Nash equilibrium.
The rest of the paper is organized as follows. In Section 2 we describe the basic
de…nitions of our manipulative auction design framework. In Section 3 we expand on the
learning interpretation of the solution concept. In Section 4 we provide some preliminary
analysis. The core results of the paper are contained in Section 5. Section 6 contains
further results in particular about the complete information case and the incentive for the
designer to use shill bidders. Section 7 suggests some further applications of the approach
and some avenues for future research. Missing proofs can be found in the Appendix.

2

Basic de…nitions

There is one object for sale and n bidders with characteristics i 2 I = f1; :::ng. Each
bidder i knows his own valuation vi for the object, but not that of the other bidders

j 6= i. The distribution of valuations are independent across bidders. The valuation vi

is drawn from a distribution with support [L; L + 1] and (continuous) density fi ( ) where
we assume that fi (v) > 0 for all v 2 [L; L + 1] and L

0. Bidders do not a priori know

the densities fi ( ) (not even their own fi ( )).

The auctioneer may use multiple auction formats Mk ; k 2 K = f1; :::rg to sell his

object where auction format Mk , k = 1; :::r; is selected with probability

k.

The rules of

the auction format Mk are announced before bidders take actions in Mk , and each auction
format Mk takes the following form:
Bidders i = 1; :::n simultaneously submit a bid bi 2 [0; B].
5

Based on the pro…le of bids b = (bi )i=n
i=1 bidder i wins the object with probability
'ki (b) and pays a transfer

k
i (b)

to the auctioneer.
k
i (b)

Any bidder i who bids bi = 0 makes no payment, i.e.

= 0 whenever bi = 0.

We assume that bidders have quasi-linear preferences and that they are risk neutral.
That is, if a bidder with valuation v expects to win the object with probability p and
expects to make (an expected) transfer t to the designer, his expected utility is pv

t.

Accordingly, in format Mk , if bidder i with valuation vi bids bi and expects the bid pro…le
b i = (bj ) to be distributed according to the random variable eb i , his perceived expected
j6=i

utility is:

uki (vi ; bi ; eb i ) = E ['ki (bi ; b i )vi
e
b

k
i (bi ; b i )]

i

A strategy of bidder i is a a family of bid functions
format Mk where

k
i (vi )

i

=(

k
i )k ,

one for each auction

denotes player i’s bid in auction Mk when i’s valuation is vi .9

Nash equilibrium requires that for each k and vi , player i plays a best-response to the
actual distribution of bids of bidders j 6= i in Mk . That is,
k
i (vi )

2 arg max uki (vi ; bi ;
bi

where (with some slight abuse of notation)
k
j (vj ) j6=i

k

k
i

i)

stands for the random variable of bids

as generated by the densities (fj ( ))j6=i .

In this paper, we do not assume that bidders (necessarily) have access to

k
i

for every

i and k, as the designer is assumed to be able to choose how much information feedback
to provide to bidders about the distribution of bids.
The class of partial feedback that we consider is described as follows. Each player i is
endowed with a partition P i of the set
f(j; k); j 2 I and k 2 Kg
where P i is called the feedback partition of player i (see the learning interpretation below).
9

Stricctly speaking, allowing for mixed strategies
our purpose, considering pure strategies is enough.
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k
i (vi )

should be a distribution over bids. Yet, for

A typical element of P i is denoted by

and referred to as a feedback class of player i.

i

The element of P i containing (j; k) is denoted by

i (j; k).

When making his choice of

strategy in auction format Mk , player i is assumed to know only (in addition to the rules
of Mk as described by 'ki (b) and

k
i (b))

the aggregate distribution of bids in every

i.

He

is further assumed to play a best response to the conjecture that j in Mk bids according
to the aggregate distribution of bids in

i (j; k).

Formally, we let A = (Mk ;

k ; P i )i2I;k2K

denote an auction design. A feedback equilibrium of A is de…ned as follows:
De…nition 1 A feedback equilibrium of A = (Mk ;

k ; P i )i2I;k2K

is a strategy pro…le

=

( i )i2I such that for every k and vi ,
k
i (vi )

where

k
i

=(

k
j )j6=i

of each other, and

2 arg max uki (vi ; bi ;

, the distributions
k
j

k

bi

k
j,

i)

j 6= i are perceived by bidder i to be independent

is the aggregate distribution of bids in i (j; k): That is,
P
distribution of bids that assigns weight k0 =
k" to the distribution
(j";k")2
0
0

generated by the density fj 0 ( ) for every (j ; k ) 2

i (j;k)

k
j

E

as

i (j; k).

Except otherwise mentioned, the auctioneer selects the auction design A = (Mk ;
and a feedback bidding equilibrium

is the

k0
j 0 (vj 0 )

k ; P i )i2I;k2K

of A so as to maximize her expected revenue:
P

v1 ;:::vn k2K;i2I

k
k
(v))
k i(

That is, we assume that the seller has no intrinsic value for the object (her valuation is
0) and she is risk neutral.10
Several comments are in order. First, observe that we do not explicitly require that
bidders voluntary accept to participate in A. However the requirement that bidder i
makes no payment when he bids bi = 0 ensures that player i feels he is weakly better o¤
participating in the auction than staying out (since he can always participate and bid 0).
It should be noted though that since bidder i does not have an accurate perception of
10

We will also discuss the alternative objective that the designer maximizes her revenue arising in the
worst feedback equilibrium (strong implementation requirement), and the lexicographic objective that
gives priority to e¢ ciency relative to revenues.
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other bidders’strategies, it may be that in a feedback equilibrium of A, player i’s expected payo¤ is negative. We will sometimes comment on the more stringent participation
constraint that bidders whatever their types should actually make no loss in (a feedback)
equilibrium.11 Second, in the current formulation, we do not allow the feedback received
by bidders to be about the distribution of pro…le of bids.12 While the de…nition of a
feedback equilibrium could be extended to cover that case, the class of partial feedback
considered above is enough to prove our main insights (see Theorem 1 and Proposition
1).

3

Interpretation

The interpretation of our auction design framework is as follows. A designer faces the
problem of repeatedly selling similar objects (a new one each period) to one of n potential
buyers with observable characteristics i 2 I. These potential buyers are replaced every

time a new object is for sale and the observable characteristic i may a¤ect the distribution
fi ( ) of the valuation of the bidder with characteristic i.13 Bidders are assumed not to
be aware of fi ( ) (even though they can observe the characteristic of other bidders). To
simplify the exposition of the interpretation, we assume that the designer has got su¢ cient
experience to know fi ( ).14 Now the designer can change her auction format from one
period to another while ensuring that the frequency of format Mk is

k.

In addition, the

designer who collects the bids in all periods can decide how much information she wants
to pass to new bidders about past bids. If she can target the feedback to each bidder
according to his characteristic, she can decide to tell bidder i only about the aggregate
distribution of past bids (the empirical frequencies) in every

15
i.

If she does so every

period, and if behaviors stabilize, it must be to a feedback equilibrium provided bidders
11

Even though this need not be immediately perceived by a player, it could be argued that making
losses is salient and likely to be transmitted to other bidders.
12
Every bidder i treats every bidder j’s distribution of bids as independent of each other.
13
The replacement scenario corresponds to an assumption made in recurrent games (Jackson and Kalai,
1997).
14
Observe that this knowledge may be obtained by the designer in an initial phase in which she would
use second price auctions.
15
That is, bidder i would be informed of the aggregate distribution of bids bkj ; (j; k) 2 i with no
reference to which (j; k) generated the bid.
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consider the simplest theory that is consistent with their feedback.16 Our auction design
framework adopts the viewpoint that the designer can optimize on the auction formats
Mk , their frequencies

k

and the feedback partitions P i provided to bidders, and that

behaviors have stabilized to a corresponding feedback equilibrium of A.17
It may be argued that in a number of applications, the designer would have a hard time
providing a di¤erent feedback to the various bidders (as the information transmitted may
be shared among bidders). In such cases, the designer can always restrict herself to public
feedback in which case the feedback partitions of all bidders must coincide, P i = P j for
all i, j. As will be clear, our main results still hold if the designer is constrained to use
public feedback partitions.
It should be mentioned that a feedback equilibrium is very closely related to the
analogy-based expectation equilibrium introduced in Jehiel (2005), further developed in
Jehiel and Koessler (2007) and Ettinger and Jehiel (2007). The feedback partition P i
of player i is very similar to the analogy partition considered in Jehiel (2005) with the
mild di¤erence that here we allow the feedback partition to include decision nodes of
player i himself. Except for this mild di¤erence, a feedback equilibrium can be viewed
as a special case of an analogy-based expectation equilibrium. The main novelty of the
approach taken here is that the feedback partitions are viewed as a choice made by the
designer. That is, they are not exogenously given as in Jehiel (2005).
The only other paper we are aware of that considers information feedback in auctions
as a design issue is by Esponda (2007). He considers …rst-price auctions in which the
same bidders get involved over sequence of auctions, and get information about the joint
distribution of highest bids (and possibly second-highest bids) and their own valuation
and bid. In a symmetric …rst-price auction with private and a¢ liated values he shows
that symmetric self-con…rming equilibria (of the static auction) generate at least as much
revenues as the Nash equilibrium.
16
It is in this sense that a feedback equilibrium can be viewed as a selection of self-con…rming equilibrium
for the signal structure corresponding to the chosen feedback partition.
17
Strictly speaking, the system should stabilize to the feedback equilibrium the designer likes best.
This is similar to the requirement of weak implementation generally made in mechanism design. One
interpretation is that the designer could suggest a default belief that would …t the equilibrium she likes
best. Alternatively, one may wish to reinforce the notion of implementation to require that all feedback
equilibria deliver good outcomes. Our main results would still hold under this more stringent notion of
implementation.
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Apart from the obvious di¤erence that Esponda considers …rst-price auctions with
symmetric bidders and a¢ liated signals whereas we consider general auction formats
with arbitrary yet independent distributions of valuations, Esponda’s result shares some
similarities with our insight that partial feedback may help achieve greater revenues in
…rst-price auctions (see Proposition 1 below). Yet, there are notable di¤erences between
our framework and his that we now discuss. First, Esponda considers a setting in which
the same bidders keep participating in the auctions whereas we have in mind situations in
which new bidders arrive each time. This di¤erence in turn explains why in our setting the
feedback of bidders is not conditional on their own valuation whereas in Esponda’s setting it is.18 Second, Esponda’s solution concept is the self-con…rming equilibrium whereas
we rely on the feedback equilibrium (which is a selection of self-con…rming equilibrium,
see above). As such Esponda’s analysis can never rule out that providing partial feedback does no better than providing full feedback (since the Nash equilibrium is always a
self-con…rming equilibrium whatever the feedback). More problematic: his result is for
symmetric setups and symmetric self-con…rming equilibria, as there is no guarantee that
an asymmetric self-con…rming equilibrium generates more revenues than the Nash equilibrium even in a symmetric setup.19 By contrast, our insights about …rst-price auctions
concern the case of asymmetric bidders with independent distributions, and the selection
imposed by the feedback equilibrium (based on complexity considerations) ensures a strict
superiority of providing partial feedback (see Proposition 1).
Examples of feedback partitions and auction designs:
The following classes of auction designs with public feedback (all P i are the same) will
play a central role in the analysis.
1) Format-anonymous feedback partition: In this case, bidders know the aggregate
distribution of bids across the di¤erent auction formats Mk , k 2 K, but they di¤erentiate
18

One should note that in Esponda’s paper, bidders simply ignore the distribution of highest bids conditional on other realizations of the valuation. If bidders somehow mistakenly mixed these distributions
for various realizations of their valuations (because say there are not enough data for each speci…c realization of the valuation), then providing partial feedback about the highest bid might result in a revenue
fall in the a¢ liated environment he considers.
19
I view this as problematic as I fail to see what mechanism would lead bidders to have symmetric
behaviors given that there are many possible conjectures under the partial feedback considered in Esponda
and many di¤erent best-responses associated to these conjectures.
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the distribution of bids for the various bidders i 2 I. That is, for all i 2 I, P i =
S
f(j; k)g
. For example, the object could be sold either through a sealed bid …rst
k2K

j2I

price auction or through a sealed bid second price auction (in equal proportion, say), and
players would receive feedback about the aggregate distribution of bids across the two
auction formats.
2) Bidder-anonymous feedback partition: In this case, there is only one auction format,
and the feedback is about the aggregate
( distribution
) of bids across all bidders. That is,
S
K = f1g, and for all i 2 I, P i =
f(j; 1)g . For example, the object could be
j2I

sold through a …rst-price auction, and players would receive feedback about the aggregate

distribution of bids with no mention of the characteristics of the bidders who generated
the various bids.

4

Preliminaries

We make a few preliminary observations (the claims are proved in the appendix). First,
by picking a single auction format M and the …nest feedback partition, the designer can
always replicate the revenue generated in the standard rationality case in M . It follows
that the designer can always achieve at least as much as Myerson (1981)’s optimal revenue.
The question is whether the designer can achieve more revenues.
Second, consider an auction format M in which player i has a dominant strategy.
Then no matter what the auction design is, a feedback equilibrium requires that player i
plays his dominant strategy in M . This is an obvious statement, since player i will …nd
his strategy best no matter what his expectation about the distribution of others’bids is.
In particular, if one of the auction formats is a second-price auction SP A it will always
be part of an equilibrium for them to bid their true valuation in SP A.
Third, some of the auction designs A considered below have the feature that the
various auction formats Mk are such that 'ki (bi ; b i ) = 'i (bi ; b i ) for all k 2 K (for

example in all formats the object is allocated to the player who submitted the highest

bid). When the anonymous format feedback partition prevails, one can relate the feedback

11

equilibria of A to the Nash Bayes equilibria of the following game referred to as (A):
Game (A): Each bidder i (simultaneously) submits a bid bi ; the object is assigned
to bidder i with probability 'i (bi ; b i ); prior to bidding, bidder i is privately informed of
his valuation vi drawn from fi ( ) and of his method of payment k de…ned by

k
i (bi ; b i );

the methods of payment k are identically and independently drawn across bidders and
every bidder i is subject to the method of payment k with probability

k.

Claim 1: Suppose that the format anonymous feedback partitions prevail and that
in all auction formats Mk of A, we have that 'ki (bi ; b i ) = 'i (bi ; b i ) for all k 2 K and

i 2 I. Then a strategy pro…le

is a feedback equilibrium of A if and only if it is a Nash

Bayes equilibrium of (A).

Fourth, another auction design that we will study has the following form. There is
one auction format M , which respects the anonymity of bidders. That is, consider two
bid pro…les b and b0 obtained by permuting the bids of players i and j, then 'i (b) = 'j (b0 )
and

i (b)

=

j (b

0

) and for all m 6= i; j; 'm (b) = 'm (b0 ),

m (b)

=

m (b

0

). Consider the

anonymous bidder feedback partition de…ned above. One can relate the feedback equilibria
of A to the Nash Bayes equilibria of game

0

(A) de…ned by the auction format M in which
P
the distribution of bidder i has density f (vi ) = fj (vi )=n instead of fi (vi ).
i2j

Claim 2: A symmetric strategy pro…le is a feedback equilibrium of A if and only if

it is a Bayes Nash equilibrium of

5
5.1

0

(A).

Main Results
Revenues

Our …rst main result establishes that the designer can always achieve strictly larger revenues by a suitable choice of manipulative auction design as compared with the best
nonmanipulative auction design of Myerson (1981).
Theorem 1 The largest revenue that the designer can achieve in a manipulative auction
design is strictly larger than the revenue generated in Myerson’s optimal auction.
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A possible idea to prove Theorem 1 might go as follows. Consider the regular twobidder symmetric case ( f1 ( ) = f2 ( ) = f ( ) and v ! v
1
f (L)

[L; L + 1]) with large L (L

1 F (v)
f (v)

is strictly increasing over

> 0). We know that the second-price auction (SP A)

implements Myerson’s optimal auction in this case. Consider now a mix of second price
auctions (SP A) and …rst price auctions (F P A) in which bidders get only to know the
aggregate distribution of bids over the two auction formats. Given that bids in SP A
are higher than bids in F P A, one might conjecture that the confusion between the two
distributions of bids would lead bidders to bid more aggressively in F P A than in the usual
rationality case. Yet, this is not always so because the incentive to bid more aggressively
in F P A is not driven by the …rst-order stochastic dominance relation in the distribution
of bids.20 However, we show that by mixing SP A with some other well chosen format
M , the confusion between SP A and M can increase revenues.
Proof of Theorem 1- The symmetric two-bidder regular case.
Consider the following auction design in which we assume that the maximum possible
bid coincides with the maximum valuation, i.e., B = L+1. There are two auction formats
M1 = SP A (the second price auction) and M2 = M which will be de…ned shortly. SP A
is chosen with probability

1

=1

" and M2 = M is chosen with probability

2

="

where " is assumed to be small enough. The feedback partitions are the format-anonymous
feedback partitions for both players.21 That is, for i = 1; 2, P i = ff(j; 1); (j; 2)ggj2I .22

Format M is parameterized by z 2 (L; L + 1) and it is de…ned as follows. The

allocation rule

(b) is the same as that of SP A: the bidder who submits the highest

bid wins the object; if both bidders submit the same bid, each bidder receives the object
with probability 1=2. The payment scheme is the same as that of the SP A when a bidder
sends a bid less than z. That is, when bi

z, bidder i makes a payment only when he

20

In the case of uniform distributions, the bids arising in the corresponding feedback equilibrium would
coincide with the bids arising in NE.
21
As we argued above the equilibrium analysis in our manipulative auction design is the same as the
equilibrium analysis in the standard rationality case of an auction setup in which each bidder’s payment
rule is drawn at random independently across bidders and it corresponds either to the rule of the second
price auction with probability 1 " or the payment rule of format M2 with probability ". The revenue
generated by the format is however di¤erent from that generated in our manipulative auction design, and
by Myerson’s optimal auction theorem we know it is no greater than that in Myerson’s optimal auction.
22
Given the symmetry of bidders, we could also consider the coarsest feedback partition, e.g. P i =
ff(1; 1); (1; 2); (2; 1); (2; 2)gg. That is, the format and bidder anonymous feedback partition.
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wins and this payment is the second highest bid, i.e. min(b1 ; b2 ). When bi > z, bi

B,

bidder i makes a payment equal to p(z; ") whether or not he wins where
z

p(z; ")

"

1

F (z)
z=
2

Z

z

(z

v)f (v)dv

(1)

L

We now check that the following strategy pro…le is a feedback equilibrium in this auction
design:
In format M1 = SP A, each bidder i submits a bid bi equal to his true valuation vi :
1
i (vi )

= vi .

In format M2 = M ,
2
i (vi )

=

(

vi if vi < z
B if vi

z

Observe that if bidders follow the above strategies, the aggregate distribution of bids
over the two auction formats assign a weight 1

" to the distribution f ( ) of bids and a

weight " to the distribution which has a density f (vi ) for vi 2 [L; z] and a mass 1

F (z)

on B = L + 1. In format SP A, bidding his own valuation is a weakly dominant strategy.
In format M2 , given the form of the aggregate distribution of bids, the payment scheme of
M2 , and condition (1), a bidder with valuation z is indi¤erent between bidding bi = z (in
Rz
which case he perceives to get L (z v)f (v)dv) and bidding B (in which case he perceives

to get z

p(z; ")

"1

F (z) 23
z) .
2

It is now readily veri…ed that the above strategies are

a feedback equilibrium (because bidding bi 2 (z; B) is always dominated by bidding B

whenever bi = B is perceived to be pro…table, and within the range bi 2 [0; z] submitting
the bid closest to his own valuation is always perceived to be the best alternative).

The rest of the argument consists in showing that for " small enough and z close
enough to L + 1, the revenue generated by this auction design is strictly larger than the
revenues generated by the second-price auction.
A preliminary observation is that the revenue generated in our auction design writes
(1
23

")RSP A + "R

He always pays p(z; ") and wins the object with probability 1

14

"1

F (z)
.
2

where RSP A is the revenue of SP A and R is the revenue generated in our auction design
when the format is M . We thus have to show that R is larger than RSP A for suitable
choices of z ad ". It can be shown that it is always so when z is close enough to L + 1
and " is set su¢ ciently small (see details in the appendix).
Roughly, R > RSP A for " small and z large because as " goes to 0, the price p(z; ")
paid in M by high valuation types v > z does not vary much as z moves locally from
@p
z = L + 1 (R @z
(z = L + 1; " = 0) = 0) whereas the corresponding expected payment

bF P A (z) =

z
L

vf (v)dv
F (z)

made in the second price auction decreases more signi…cantly for
FPA

the same local change ( dbdz (z = L + 1) > 0). The result then follows by rearranging
the expression of the expected revenues (and by observing that p(z = L + 1; " = 0) =
bF P A (z = L + 1)). Q. E. D.
The intuition behind the proof of Theorem 1 is as follows. The manipulative auction
design considered in the proof consists of a mix between a main auction format in which
bidders have a dominant strategy (the second price auction in the simple case) and an
auxiliary auction format, which is very similar to the main auction format except for very
high valuation types who are proposed to make a lump-sum payment to the designer and
win the object if they happen to have the highest bid. Because the designer employs the
format anonymous feedback partition, high valuation bidders in the auxiliary format have
the feeling they have a very high chance of winning the auction (in fact higher than in
reality because in the auxiliary format unlike in the main format all high valuation bidders
would submit the highest bid). As a result the high valuation bidders are ready to pay
more than they would in the standard rationality case. The manipulation employed by
the designer has the e¤ect of reducing the informational rent left to the high valuation
bidders. As such it can be designed so that all bidders whatever their type get a positive
expected payo¤ in equilibrium.
Remark.

By considering the coarsest feedback partition instead of the format-

anonymous feedback partition, the feedback equilibrium obtained in the auction environment in the proof of Theorem 1 is easily shown to be the only equilibrium not employing
weakly dominated strategies. It follows that the conclusion of Theorem 1 holds even if
bidders can coordinate on the feedback equilibrium (not employing weakly dominated
strategies) that is least favorable to the designer.
15

5.2

E¢ ciency and revenues

In a number of applications, the designer may be interested in e¢ ciency as well as revenues.
For example, suppose that the primary objective of the designer is e¢ ciency while revenue
is only the secondary objective. In the standard rationality paradigm, the so called revenue
equivalence result holds. That is, if two mechanisms result in the same allocation rule and
the expected payment made by any bidder i with minimal valuation vi = L is 0 then the
two mechanisms must yield the same revenues. Since an e¢ cient outcome can be achieved
by a second-price auction SP A, the standard approach concludes that the designer can
do no better than using a SP A.
We now observe that the designer can sometimes achieve strictly larger revenues (than
that obtained through the SP A) while still preserving e¢ ciency, thereby illustrating a
failure of the allocation equivalence in our manipulative auction design setup. Besides,
this gain in revenues is achieved by using a fairly standard auction format (with, of course,
a non-standard, i.e. coarse, feedback partition).
Proposition 1 Let there be two bidders i = 1; 2 with asymmetric distributions (F1 ( ) 6=

F2 ( ) on a set of strictly positive measure). Consider a symmetric feedback equilibrium of

the …rst price auction with anonymous bidder feedback partition. It induces an e¢ cient
outcome and generates a strictly higher revenue than the second-price auction.
Proof of Proposition 1:
Step 1: Consider the …rst-price auction with anonymous
bidder feedback partition.
R

The feedback equilibrium is for i = 1; 2;
and F (v) =

F1 (v)+F2 (v)
.
2

i (v)

= (v) =

v
L

xf (x)dx
F (v)

where f (x) =

f1 (x)+f2 (x)
2

It follows that the outcome is e¢ cient in our auction design.

Proof of step 1. Any symmetric feedback equilibrium must be a Nash Bayes equilibrium of the F P A with symmetric bidders and density f (v) and vice versa (see Claim 2
in Section 4). Given the analysis of the F P A with symmetric bidders, we may conclude
as desired. Q. E. D.
Call R the revenue generated in the …rst price auction with bidder anonymous feedback
partition. Call RSP A the revenue generated in the second-price auction. Finally, call R
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the expected revenue generated in the second-price auction with symmetric bidders and
density of valuations f (v) =
R =
RSP A =

Z

f1 (x)+f2 (x)
.
2

These revenues write:

L+1

L
Z L+1
L

(v) [f1 (v)F2 (v) + f2 (v)F1 (v)] dv
Z L+1
vf1 (v) [1 F2 (v)] dv +
vf2 (v) [1

F1 (v)] dv

L

and we also have (the identity between the two can be obtained as a consequence of the
allocation equivalence):
R = 2
R = 2

Z

L+1

L
Z L+1

vf (v) 1

F (v) dv

(v)f (v)F (v)dv

L

Step 2: R > RSP A
Proof of step 2. Using the …rst expression of R, we have that R

RSP A can be

written as
Z

L+1

L
L+1

=
=

Z

L
Z L+1
L

1
(F1 (v) + F2 (v)) (f1 (v) + f2 (v)) + f1 (v)F2 (v) + f2 (v)F1 (v) dv
2

v

v
(f1 (v)
2
1
(F1 (v)
4

f2 (v)) (F1 (v)

F2 (v)) dv

F2 (v))2 dv

where the last equality is obtained by integration by parts (noting that F1 (v) F2 (v) = 0
R L+1
for v = L and L + 1). Since L 41 (F1 (v) F2 (v))2 dv > 0 whenever f1 6= f2 . Step 2
follows. Q. E. D.

Step 3: R > R
Proof of step 3. Using the second expression of R, we have that R
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R can be

written as
Z

L+1

L
L+1

=
=

Z

L
Z L+1
L

(v) f1 (v)F2 (v) + f2 (v)F1 (v)
1
(v) (f1 (v)
2
1 d (v)
(F1 (v)
4 dv

f2 (v)) (F1 (v)

2

f1 (v) + f2 (v) F1 (v) + F2 (v)
dv
2
2

F2 (v)) dv

F2 (v))2 dv

where the last equality is obtained by integration by parts (noting that F1 (v) F2 (v) = 0
R L+1
for v = L and L+1). Since d dv(v) > 0 for all v, we have that L 14 d dv(v) (F1 (v) F2 (v))2 dv >
0 whenever F1 6= F2 on a positive measure set. Step 3 follows. Q. E. D.
Proposition 1 clearly follows from steps 1, 2, 3. Q. E. D.
What is the intuition for the above result? Providing feedback about the aggregate
distribution of bids among the two bidders leads the bidders to feel that they are in
competition with a …ctitious bidder who has a distribution of valuations that is the average
distribution between the distributions of the two bidders (this is essentially step 1 in the
proof). In the two bidder case, the price level in the second-price auction is determined
by the lowest valuation, hence by the weak bidder. The manipulation generated by the
bidder-anonymous feedback partition is good for revenues because it makes the strong
bidder feels the weak bidder is less weak than he really is (this is what steps 2 and 3
formalize).
It should be noted that the result of the above Proposition need not hold when there
are three or more bidders. This is because averaging the distributions across all bidders
need not anymore strengthen the distribution of the second highest bid. Technically,
while steps 1 and 3 of the proof still hold in the three or more bidder case, step 2 need
not hold in general. For the sake of illustration, if there are two bidders with a distribution of valuations concentrated around L + 1 and a third bidder whose valuation is
concentrated around L, it is readily veri…ed that the …rst-price auction with bidder anonymous feedback partition generates less revenues than the second-price auction (which
achieves a revenue approximately equal to L + 1). Of course, if there is only one bidder
whose distribution of valuations is concentrated around L + 1 while the other bidders
have a distribution of valuations concentrated around L, the …rst-price auction with bid18

der anonymous feedback partition generates more revenues than the second-price auction
(which generates a revenue very close to L). These extreme cases illustrate that the revenue comparison between the second-price-auction and the …rst-price auction with bidder
anonymous feedback partition can go either way in the case of more than two bidders.
It should also be mentioned that in the …rst-price auction with anonymous bidder
feedback partition no bidder whatever his valuation makes a loss in equilibrium. This is
because bidders bid below their valuation (bidding above his valuation is dominated) and
thus they cannot make losses. The manipulation exploited by the designer has here the
e¤ect of reducing the informational rent left to the bidders. The most extreme revenue
gain provided by the exploitation is when the distribution of valuations of one bidder
is concentrated around L + 1 whereas the distribution of valuations of the other bidder
is concentrated around L in which case the …rst-price auction with anonymous feedback
partition provides a revenue gain of

1
2

compared to the revenue L of the second-price

auction.24
Comment. In some applications, the distribution of winning bids as opposed to the
aggregate distribution of all bids is available to bidders. From this information, bidders
can compute an optimal strategy based on the assumption that all bidders bid according to
the same distribution (this might be argued to be the simplest conjecture in this case). In
the two-asymmetric-bidder scenario considered in RProposition 1, it is not di¢ cult to show
that bidders would then bid according to
and f (v) =

dF (v)
.
dv

(v) =

v
L

xf (x)dx
F (v)

1

where F (v) = (F1 (v)F2 (v)) 2

Such a behavior would always generate higher revenues than in the

second price auction, as in Proposition 1.25
24

In some cases, the …rst-price auction with bidder anonymous feedback partition may provide a revenue
that is larger than the revenue in the optimal auction of Myerson, even though this is not always true.
25
The analog of steps 2 and 3 in the proof of Proposition 1 would still hold. Letting R denote the
revenue in the manipulative auction setup (as just de…ned) and R the revenue in the second-price auction
with symmetric bidders and density of valuations f ( ), one can establish that
RSP A

R

=

Z

L+1

p
[ F1 (v)

L

R

R

=

0
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p

2

F2 (v)] dv > 0

6

Further results

6.1

Complete information

In the above analysis, we have assumed that there was some uncertainty about bidders’
valuations. When each bidder i’s valuation can take a single value vi , the classic revenuemaximizing mechanism allows the designer to extract a revenue equal to max vi (by
i2I

making a take-it-or-leave-it o¤er of vi to bidder i 2 arg max vi ).
i2I

We now ask ourselves whether the designer can extract more that vi in our manipulative auction design setup? We …nd that this is so, but (unsurprisingly) it comes at the
cost of having at least one bidder get a strictly negative payo¤. As such, it seems that
manipulations in the complete information case are less likely to remain undetected than
in the incomplete information case analyzed earlier.26
To start with, observe that if the designer is able to extract strictly more than vi , it
is necessary that at least one bidder i 2 I gets a negative payo¤. Indeed, the maximum
surplus among all agents is vi and if the designer gets strictly more than vi , it must be

that at least one bidder i 2 I gets a strictly negative payo¤.

To illustrate the possibility of manipulation in the complete information case, consider

the following setup.27 There are three bidders i = 1; 2; 3 with v1 > v2 > v3 > 0, and a
single auction format described as follows. The bidder with highest bid wins the object.
Bidder 1 pays v1 if he wins and b1 6= 0 (and he pays 0 otherwise). Bidder 3’s payment
rule is that of the second-price auction. Finally, bidder 2 makes a lump-sum payment of
l with 0 < l <

v2 v3
4

if b2 6= 0 in addition to the transfer of the second-price auction made

upon winning the auction. He pays 0 if b2 = 0. Assume that bidder 2 gets only to know
the aggregate distribution of bids of bidders 1 and 3 while bidders 1 and 3 receive the
…nest feedback.
26

In the complete information case to be considered now, manipulation takes the form of extracting
positive revenue also from bidders who do not acquire the object, hence the negative payo¤. This is
very di¤erent from manipulation in the incomplete information case highlighted above, which allowed the
designer to reduce the informational rent left to the high valuations types.
27
Our example assumes that there are three bidders. It obviously extends to the case of more than
three bidders. If the designer is allowed to use shill bidders as in the next subsection, it can also be
extended to the case of two bidders (in which case the third bidder of the example can be thought of as
a shill bidder).
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Claim 3: Bidding

i (vi )

= vi for i = 1; 2; 3 in the above auction design is a feedback

equilibrium, and it generates a revenue v1 + l > v1 to the designer.
Proof of Claim 3: This is straightforward for bidders 1 and 3. Bidder 2 if he makes
a non-zero bid …nds it optimal to bid b2 = v2 (this follows from the usual analysis of the
second-price auction). The only remaining issue is whether bidder 2 chooses to make a
non-zero bid given the extra lump-sump payment l > 0 required in this case (he would
not in the standard rationality case). Given his feedback partition, bidders 2 thinks each
of bidders 1 and 3 bid v1 or v3 each with probability 12 . So 2 thinks that with probability
1
4

both 1 and 3 will bid v3 in which case apart from the lump-sump payment 2 would make

a net gain of v2

v3 . Given that l <

v2 v3
4

it follows that bidder 2 thinks he is better o¤

making a non-zero bid. Q. E. D.

6.2

Shill bidding

So far, we have assumed that the only players in the auction were the bidders i 2 I.

It might be argued that the designer could also employ shill bidders in addition to the
real bidders i 2 I. In the standard case, this does not help the designer obtain a better
outcome, but in our manipulative mechanism design setup it might.

To illustrate the potential bene…t of employing shill bidders, consider the following
framework. There are two real bidders i = 1; 2 whose valuations are drawn from the same
distribution with density f ( ). If a …rst-price auction
with …ne feedback is considered,
R
bidders bid according to the bid function (v) =

v
L

xf (x)dx
.
F (v)

Now consider the alternative

format M in which there are many bidders i = 3; 4::::N in addition to bidders i = 1; 2

and all bidders i = 3; 4; :::N are shill bidders instructed (or incentivized) to bid according
to a distribution of bids with density g( ). In format M , only the bids b1 and b2 of
bidders i = 1; 2 matter (for the determination of who wins and what the payments are).
Restricted to these two bids, the rules of M are those of the …rst-price auction. The
bidder i = 1; 2 with highest bid wins the auction and
pays bi to the designer. In the …ne
R
feedback partition case, bidders would now bid

v
L

xf (x)dx
, but
R v F (v)
L xf (x)dx
where
F (v)

feedback case, bidders i = 1; 2 would bid (v) =

in the bidder-anonymous

the limit as N grows to in…nity, their bidding strategy would converge
21

2f (x)+(N 2)g(x)
. In
N R
v
xg(x)dx
to g (v) = L G(v)

f (x) =

and the corresponding revenue obtained by the seller would get close to
Rg = 2

Z

v
g (v)F (v)f (v)dv

L

Restricting attention to this class of manipulations, the designer’
s problem is to …nd a
Rv
Rv
xg(x)dx
density g( ) which maximizes L g (v)F (v)f (v)dv where g (v) = L G(v) .
This is not a trivial optimization problem. Yet, we make the following simple obser-

vation.
Claim 4: Consider a smooth density g( ) where for some x 2 (L; L + 1), g(x) > 0 and
Z

x

L+1

Rx
F (x)f (x) L G(v)dv
F (v)f (v)
dv 6=
G(v)
(G(x))2

(2)

Then, the designer’s revenue Rg can be increased by a local change of g in the neighborhood of x.
As a simple corollary of Claim 4, we …nd that it is never optimal to have g( ) = f ( ).
That is, there is always scope for manipulation of this sort.
Corollary 1 There is always scope for using shill bidders in …rst-price auctions.
Proof of Corollary: Let g( ) = f ( ). (2) writes: F (x) [1

F (x)] = f (x)

Rx
L

F (v)dv.

But this cannot be satis…ed for x close to L + 1 as f (x) > 0 for all x 2 [L; L + 1]. Q. E.
D.

7

Extensions and future work

In this paper, we have shown that there is always scope for manipulation in private values
auctions. That is, a designer interested in revenues can pro…tably design an auction setup
in which she provides partial rather than total feedback about other bidders’strategies.
There are several interesting directions for future research that we now wish to mention. First, the analysis of this paper does not tell us about the optimal manipulative
auction design. We note that …nding the optimal mechanism design does not seem to
22

be an easy exercise as there is no analog here of the revelation principle, and the space
of auction designs is a priori quite large. Second, we have stressed here the manipulative nature of the feedback device that a designer interested in revenue maximization
can pro…tably use. Even though we are not aware (in the real world) of deliberate use
of such manipulative strategies to maximize revenues, it seems that the idea of providing partial rather than total feedback about the distribution of bids observed in similar
auctions is quite common in practical auction design where it is often regarded as a way
to preserve the anonymity/privacy of bidders and/or as a way to combat collusion (that
would otherwise be easier to sustain). From the latter perspective, it would be interesting
in future research to formalize collusion in our auction setup and to analyze how coarse
feedback partitions can be used to combat collusion. Third, our analysis of manipulative
auction design could be extended to study the case of stochastic number of bidders and
the case of correlated distributions of valuations. Fourth, while in our setting only the
designer can provide feedback about the distribution of past bids, one could imagine that
bidders themselves try to provide additional feedback to better combat manipulation.28
Fifth, our analysis and main results even though formulated for the auction setup can be
exported to other applications. For example, a result similar to that of Proposition 1 can
be exported to contests to suggest the desirability of not providing the characteristics of
competitors in asymmetric two-player contests as a way to increase the e¤ort made by the
stronger contestant without altering the normative desideratum that a better contestant
should win with larger probability no matter what his (observable) characteristics are.

28

In the context considered here in which each bidder participates in just one auction, the incentive to
do so is rather limited, but it would be di¤erent if the same bidders participated several times.
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Appendix
Proof of Claim 1: Consider an equilibrium

of (A). In (A), bidder i whatever

his payment method expects every other bidder j 2 I to be facing the payment method
k 0 with probability

k0 ,

hence to be playing according to strategy

(A), when the payment method is
k0 . Thus, in
P
k
k
k
k0
k
i (vi ) 2 arg maxui (vi ; bi ;
i ) where j =
k0 k0 j
bi
0

k0
j (

) with probability

k, bidder i plays a best-response
and

k0
j

is the distribution of bids

of bidder j when j has the method of payment k . But, this corresponds exactly to the
de…nition of a feedback equilibrium of A. Q. E. D.
Proof of Claim 2: Consider a symmetric feedback equilibrium

of A (where (v)

refers to the equilibrium bid of any bidder with valuation v).29 By de…nition, bidder i
plays
a best-response to the distribution of bids of other bidders that has assigns density
P
fj (v)

j2I

n

to the bid (v). But, this is the de…nition of a Bayes Nash equilibrium of

0

(A).

The converse part is also immediate. Q. E. D.
Proof of Theorem 1 (cont’d):
Lemma 1 9D > 0 and z < L + 1 s.t. 8", z > z
1
f (L + 1)(L + 1
2

z)

D" <

@p(z; ")
3
< f (L + 1)(L + 1
@z
2

z) + D"

Proof 1 Di¤erentiating (1) with respect to z yields
@p(z; ")
=1
@z
Noting that

D<

f (z)
z
2

+1

F (z)
2

F (z)

"

f (z)
1
z+
2

F (z)
2

< D for some D and that F 0 (L + 1) = f (L + 1) yields

the result (by the theorem of intermediate values and the continuity of f ( ))30 .
It will be convenient to let bF P A (v) =

Rv

xf (x)dx
F (v)

denote the (standard) equilibrium bid
R L+1
FPA
in the …rst price auction. Observe that dbdv (L + 1) = f (L + 1) 1
xf (x)dx > 0.
L
L

29

The anonymity properties of M1 ensure the symmetry (across bidders) of the best-response correspondence.
30
z should be chosen so that for z > z, 12 f (L + 1) < f (z) < 32 f (L + 1).

24

(Remember that f ( ) > 0 on [L; L + 1].) We also have that for all ", p(z = L + 1; ") =
bF P A (L + 1).
In M , the revenue from bidder i conditional on vi

vj times the probability that

vj writes:

vi

Z

Z

z

f (x)

L

x

yf (y)dy dx +

L

Z

Z

L+1

p(z)f (x)

z

x

f (y)dy dx

L

or
A(z) + C(z; ")
where
A(z) =
C(z; ") =

Z

z

f (x)

L
Z L+1

Z

x

yf (y)dy dx +

L

Z

L+1

b

FPA

(x)f (x)

z

Z

x

f (y)dy dx

L

bF P A (x) f (x)F (x)dx

p(z; ")

z

The total revenue in M is no smaller than 2(A + C) as it is no smaller than the sum of
the above revenues for i = 1; 2.31
Besides, it is readily veri…ed that for all z, 2A(z) = RSP A (this can be seen directly
by replacing bF P A (x), and it is nothing else than a consequence of the standard allocation
equivalence).
Our …nal observation is that one can choose z close enough to L+1 and " small enough
so that C(z; ") > 0, thereby showing that the revenue generated in our auction design is
larger than RSP A . This can be seen by di¤erentiating C(z; ") with respect to z:
@C
(z; ") =
@z

p(z; ")

all

< ,

(z) f (z)F (z) +

Z

z

Letting z( ) = L + 1
1 dbF P A (L+1)
2
dv

b

FPA

, consider
<

<L+1

FPA
dbF P A (z( ))
< 32 db dv(L+1)
dv
FPA

Noting that p(L + 1; ") = b

L+1

@p(z; ")
f (x)F (x)dx
@z

z (see Lemma 1) and a , a such that for
and a < f (z( ))F (z( )) < a.

(L + 1) we get from the intermediate value theorem

31

It is in fact larger since a bidder with valuation above z will sometimes pay p(z) even though he does
not have the larger valuation.
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bF P A (z)) and the above lemma that for all

(applied to p(z; ")

@C
(z; ") <
@z

Letting " =

2

a dbF P A (L + 1)
2
dv

>
we get that along the path (z( ); " =

1

F (z)
z
2
L+1
a
2
2

which is no smaller than

< b,

d
d

+ D(2a)

"

C(z( ); " =

since C(z(0); " = 0) = 0).

2

)=

a dbF P A (L + 1)
2
dv

3
f (L + 1)(2a)
2
2

D(2a)

Z

L+1

f (x)F (x)dx

z

),

d
C(z( ); " =
d

all

2

and observing that
@C
(z; ") =
@"

where G =

3
+ f (L + 1)(2a)
2

< ,

@C @C @"
+
;
@z
@" @

+G

2

(L + 1)a. Hence, there must exist b such that for

) > 0. This implies that for all 0 <

1) The asymmetric regular case. Assume that ci (vi ) = vi

< b, C(z( ); " =

1 Fi (vi )
fi (vi )W e

2

)>0

is increasing with vi .

The optimal auction in this case requires allocating the object to bidder i 2 arg maxci (vi )
i2I

whenever ci (vi ) > 0 (and otherwise the seller should keep the object). This is achieved
in a direct mechanism implementable in dominant strategy in which bidder i is then
required to pay max ci 1 (cj (vj )) ; ci 1 (0)) . The manipulative auction design that mixes
j6=i

this format (probability 1

") with the format in which if bidder i announces a type

vi > ci 1 (z) he makes a lump sump payment of pi (z; ") and the format anonymous feedback
partition is considered achieves a strictly larger revenue that Myerson’s optimal revenue
for suitable choices of z and " (close enough to 0 and L + 1, respectively) and a suitable
choice of pi (z; ") (so that type ci 1 (z) is indeed indi¤erent between bidding z and bidding
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B).32
2) The general case. We note that the function x ! x

1 Fi (x)
fi (x)

is always strictly

increasing for x su¢ ciently close to L + 1. We can then proceed similarly as in 1) from
the upper intervals of types for which there is no bunching. Q. E. D.
Proof of Claim 4: This is shown by computing the di¤erence between Rg and Rg
where
G+ (v) =

G(x) for x < v < x + "
G(v) for v < x or x + " < v

There is a revenue gain for all v > x + ", which in aggregate writes (up to order "2 terms):
Gain

Z

x

L+1

F (v)f (v)
"2
dv g(x)
G(v)
2

There is a revenue loss for all v 2 (x; x + "), which in aggregate writes (up to order "2
terms):

Loss
If g(x) > 0 and

expected revenue. If

L
2

R
F (x)f (x) Lx G(v)dv
F (v)f (v)
dv >
, G+
G(v)
(G(x))2 R
R L+1 F (v)f (v)
F (x)f (x) Lx G(v)dv
dv
<
,
G(v)
x
(G(x))2

R L+1
x

Rx

G(v)dv "2
2
(G(x))

g(x)F (x)f (x)

G (v) =

G(x) for x
G(v) for v < x

is the local change that improves
then G will do where

"<v<x
" or x < v

Q. E. D.
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This is shown exactly as in the two-bidder symmetric and regular case noting that
z = L + 1; " = 0.

27

@pi
@z

= 0 whenever
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